Abstract: In this note, we first explain the equivalence between the interaction Hamiltonian of Green-Schwarz light cone gauge superstring field theory and the twist field formalism known from matrix string theory. We analyze the role of the large N limit in matrix string theory, in particular in relation with conformal perturbation theory around the orbifold SCFT that reproduces light-cone string perturbation theory. We show how the scaling with N is directly related to measures on the moduli space of Riemann surfaces. The scaling dimension 3 of the Mandelstam vertex as reproduced by the twist field interaction is in this way related to the dimension 3(h − 1) of the moduli space. We analyze the structure and scaling of the higher order twist fields that represent the contact terms. We find one relevant twist field at each order. More generally, the structure of string field theory seems more transparent in the twist field formalism. Finally we also investigate the modifications necessary to describe the ppwave backgrounds in the light-cone gauge and we interpret a diagram from the BMN limit as a stringy diagram involving the contact term.
Introduction
Matrix theory provides us with a fundamental light-cone gauge description of nonperturbative string theory in terms of large N matrix models. Although the original BFSS matrix model [1] covered the 11-dimensional M-theoretical background only, it became possible to generalize this formalism into other backgrounds as well. See for example the lecture notes [2, 3, 4, 5, 6] .
For instance, the matrix model describing M-theory on T k for k ≤ 5 is formulated as the completed (k + 1)-dimensional maximally supersymmetric U(N) gauge theory compactified on the dual T k . In the case k = 4, the relevant UV completion is the six-dimensional (2, 0) SCFT on T 5 , and in the case k = 5 we must deal with the six-dimensional (1, 1) little string theory on T 5 . These exotic six-dimensional theories can be described by matrix models [7, 8] or they can be reduced to four-dimensional theories using the techniques of deconstruction [9] ; see also [10] . M-theory on T k for k > 5 does not admit a non-gravitational matrix definition.
The best understood case is k = 1. In this case, the background of M-theory on S 1 is dual to type IIA string theory. In the limit where its coupling constant g string becomes very small, it is possible to derive the Green-Schwarz light-cone gauge type IIA string field theory as the appropriate approximation of the matrix model, using the techniques of matrix string theory [11, 12, 13] . Unlike the light-cone gauge string field theory, the matrix model gives us a full nonperturbative definition of the stringy dynamics. It is therefore a fully consistent incarnation of the idea of string bits [14, 15, 16] . This 1+1-dimensional U(N) gauge theory has the maximal number of 16 supercharges and it contains eight matrix-valued scalar fields X i that can be understood as non-Abelian generalizations of the usual eight transverse coordinates of a string. If one considers the gauge theory with the Yang-Mills coupling g (of dimension mass) on a world-sheet cylinder of circumference L, the type IIA string coupling constant is identified with the inverse of the dimensionless gauge coupling
(1.1)
The IR limit L → ∞ corresponds to the weak string coupling limit g string → 0. Here the supersymmetric Yang-Mills theory becomes strongly coupled and approaches a superconformal fixed point. The U(N) gauge symmetry is locally broken down to U(1) N by the expectation values of the fields X i . There is a strong evidence that the IR fixed point is described by the supersymmetrized sigma model on the symmetric orbifold R 8N /S N (i.e. the moduli space), which can be canonically identified with a free, second-quantized type IIA string. In the neighborhood of the fixed point one hopes to reproduce the standard light-cone perturbative picture of the interactions by conformal perturbation theory around this orbifold sigma model. The perturbation theory in g string then corresponds to a strong coupling expansion of the supersymmetric Yang-Mills theory. In this regime one approximates the matrix string by an effective Lagrangian density of the form
Here the O i are a set of irrelevant operators in the orbifold model that are required to respect space-time supersymmetry and the transverse rotational group Spin(8) (the R-symmetry), and hopefully-in the large N limit-the full ten-dimensional super Poincaré invariance. The twist field formalism is more than just a nice set of conventions; it has been successfully used to calculate various scattering amplitudes in [17, 18, 19] . An operator O i of dimension d i must be multiplied by a coupling constant λ i that scales like L 2−d i , which translates into a dependence g
string on the string coupling constant. Note that the powers d i are not a priori guaranteed to be integers. However we will show that the least irrelevant operators that are invariant under the spacetime symmetries have integer total dimensions.
In [13] it was shown that the lead-
The Z 2 twist field induces the usual splitting/joining interaction between strings, i.e. an interaction term that is cubic in the string fields.
ing irrelevant operator in this g string expansion is given by a specific excited Z 2 twist field O ij that permutes pairs of two eigenvalue strings x i and x j . In section 2 we show that this DVV twist field exactly reproduces the Lorentz-invariant Mandelstam vertex that describes the joining and splitting of type II strings in light-cone gauge, including the "prefactor". Since the total scaling dimension of this twist field is 3, this deformation is of first order in the string coupling by the scaling argument above.
If we try to go beyond the leading order perturbation, we face a lot of issues. Since we flow up in the RG, various more irrelevant terms will appear through contact terms, and the question is to which extent the super Poincaré invariance constrains the effective action (1.2). The hope is that a crucial role is played by the large N limit, and we want to analyze this point in more detail in sections 3 and 4.
A few more words on matrix string theory
The generic matrix string configurations locally break the gauge group U(N) to U(1)
N . The coefficient of the commutator terms diverges for g string → 0 and therefore dynamics of the gauge theory involves the moduli space only: in the typical configurations, X i (σ) can be simultaneously diagonalized for each value of σ. However the basis in which they can be diagonalized may undergo a permutation if σ increases by 2π (the periodicity) because a diagonal matrix conjugated by a permutation is again a diagonal matrix, and the symmetric group of permutations is a subgroup of the U(N) gauge group. Therefore, in the g string → 0 limit, low energy states of the gauge theory are divided into sectors classified by a permutation in S N ⊆ U(N). In other words, we deal with a two-dimensional theory on the orbifold
with the appropriate number of fermionic fields to preserve N = 8 world sheet supersymmetry. The twisted sectors of the orbifold (1.3) are classified by a permutation. Ev-ery permutation may be factorized into a product of commuting cycles of length n i and the corresponding state describes a collection of strings whose longitudinal momenta equal p + i = n i /R. Furthermore, the orbifold (1.3) requires us to omit the unphysical states which are not invariant under the S N ⊆ U(N) gauge transformations. For a given state, this constraint is nontrivial if we choose the permutation to be one of the generators of a Z n i group that cyclically permutes a given cycle. In the large N limit, the ratios n i /N are kept fixed and n i are large. The group Z n i approximates the U(1) group of rigid transformations of a long string. This implies that only the states that satisfy L 0 − L 0 = 0 appear in the physical spectrum [13] .
Once we consider g string small but finite, the strings can interact. Locally a U(2) ij group, originally broken to U(1) i × U(1) j , can get restored. The detailed physics is a strongly coupled phenomenon from the gauge theory viewpoint; an instanton configuration that might be relevant in this context was suggested in [20, 21] . But the result of such a process may include the transposition of the i-th and j-th copy of the CFT; i, j = 1 . . . N. Such a transposition, when added to the original permutation, can join two cycles into one or split one cycle into two. This basic mechanism is responsible for stringy interactions [11] .
We will often consider the Hamiltonian instead of the Lagrangian; for the leading order interaction to be described below the identity H = −L may be applied. The Hamiltonian for the orbifold CFT, that approximates the U(N) supersymmetric gauge theory on R × S 1 , can be written as
Here θ is a 16-component spinor of SO (9) 
where the excited twist field operator τ i , i = 1, 2, . . . 
is not affected by the permutation of m and n. Note that the interaction factorizes into the left-moving and the right-moving part. The integrand is an operator of dimension (3/2, 3/2). The total dimension is therefore mass 3 . Because the operator is integrated over d 2 σ to obtain the action, its coefficient must have a dimension of the world sheet length. Since the only local distance scale of the gauge theory is 1/g = g string L where L is the circumference of the S 1 in the gauge theory (it is equal to the inverse mass of the W-bosons that would have to be integrated out in order to obtain the interaction term), the gauge theory automatically generates the correct coefficient of (3.6) proportional to g string . Now we want to remind the reader why the operator in (3.6) has dimension (3/2, 3/2). It is a product of a left-moving and a right-moving piece and therefore it is sufficient to show that τ i Σ i has dimension 3/2. Although bosonic string theory cannot be written as a limit of a consistent gauge theory (because various supersymmetric cancellations are necessary for the matrix model to have a spacetime interpretation, i.e. to satisfy the cluster property), it is useful to consider the case of bosonic string theory first. In this case, τ i Σ i would be simply replaced by σ (andτ iΣi byσ), the unexcited twist field:
It has also dimension 24/16 = 3/2 because 1/16 comes from every transverse dimension. (The constant 1/16 equals the difference between the zero point energy +1/48 in the antiperiodic sector and −1/24 in the periodic sector.) In the superstring case we must also add a spin field because fermions in CF T m and CF T n must get interchanged, too. But if the fermions θ a transform in 8 s of Spin (8) , their spin fields must transform 1 in 8 v ⊕ 8 c , i.e. they are Σ i and Σ˙a. If we used Σ˙a, there would be no chance to contract the spinor index in order to create an SO(8) invariant expression. Therefore we must choose Σ i and its vector index can be contracted with the vector index of the excited twist field τ i , corresponding to the vertex operator of the state
The total dimension of τ i is 3/2: 8/16 comes from the spin field Σ i , 8/16 comes from the twist field σ and 1/2 comes from the excitation α i −1/2 in (1.7). The resulting excited twist field τ i Σ i may be written as a supervariation, τ i Σ i = G˙a −1/2 (σΣ˙a). Furthermore in the case of heterotic strings, we can combine a left-moving bosonic σ with a right-moving supersymmetricτ iΣi . Because both factors have dimension 3/2,
we again obtain a (3/2, 3/2) operator [23] . This fact is important to preserve the correct scaling (1.1) of the interactions also for the heterotic matrix strings [24, 25] .
A short review of Green-Schwarz superstring field theory
Light-cone gauge (super)string field theory is obtained by canonical second quantization of the first-quantized quantum mechanics of a single string. The amplitudes u|ψ become operators u|Ψ that satisfy the commutation relations
The annihilation operators Ψ u = u|Ψ -and analogously their Hermitian conjugates, the creation operators Ψ † v = Ψ |v -can be written in terms of various bases of the first quantized Hilbert space, for instance a continuous functional basis, namely as string fieldsΨ[x i (σ), θ a (σ)] that depend on curves in a (super)space much like the fields in point-like particle quantum field theories depend on points in a (super)space.
The second-quantized kinematical generators and the free Hamiltonian are formally written as the expectation values in the string field operator-vectors, for example
(1.9)
The interaction Hamiltonian of string field theory annihilates one string and creates two or vice versa; see figure 1. In the case of bosonic string field theory, it would have the form
plus the Hermitean conjugate term, where the schematically written ∆ functional is nonzero only if two parts of the string no. 3 overlap with the string no. 1 or the string no. 2, respectively. This continuity condition is automatically satisfied by the twist field σ of the bosonic version of matrix string theory. The bosonic string interaction vertex contains no prefactors. This reflects the fact that the interactions of closed bosonic fields can have non-derivative character (for instance the tachyon potential term T 3 ). The vertex in superstring field theory is more complicated. It contains a "prefactor" H, an operator inserted at the interaction point. This prefactor is bilinear in the bosonic fields ∂z i (σ interaction ). This reflects the 2-derivative character of closed superstring field interactions (e.g. ΦR and C ∧ F ∧ F in supergravity).
Here Dz ⊕ indicates the integral over the whole superspace, i.e. D 8 z D 8 Λ where Λ a (σ) will denote eight fermionic coordinates.
The prefactor [26] is a polynomial
Here the function v ij (Λ a ) is an octic polynomial in the fermions near the interaction point, and
The operators ∂z i (σ),∂z i (σ), Λ a (σ) are singular at the interaction point, and therefore they must be evaluated at σ interaction + ǫ and multiplied by √ ǫ. The singular behavior
can be seen if we use the coordinate w that is related to z by z = w 2 : ∂ w z i (w) is finite in the w-plane (even around w = 0), and therefore ∂ z z i (z) scales as 1/ √ z. A generalization of the w-plane was employed by Wynter [22] to understand the nature of matrix string interactions.
Because an excited version of the twist field σ is inserted at the interaction point, the factor √ ǫ is precisely the factor needed to compensate 1/ √ z in the OPE of σ with
. Clearly, the factor p i reg in (1.13) transforms σ (corresponding to the bare delta functional) into τ i , an excited twist field. The factor p j reg transmutes σ into τ j in a similar manner. If we consider the equivalence between the σ twist field in bosonic matrix string theory and the bosonic superstring field theory's interaction vertex (containing no prefactors) to be a direct consequence of the topology of this interaction (strings split and join, as on figure 1), the remaining fact to be shown is that the function v ij (Λ a reg ) from (1.13) describes the correct fermionic twist field Σ i Σ j . The fermionic zero modes cause the unexcited fermionic twist field to be degenerate; it has (8 v + 8 c ) ⊗ (8 v + 8 c ) components: the left-moving part can be either Σ i or Σ˙a and the right-moving part can be Σ i or Σ˙a. The space of functions of eight fermions Λ a is also 256-dimensional. Our task will be to show that v ij corresponds exactly to Σ i Σ j .
The equivalence of the interaction vertices
It has become a well-known fact from matrix string theory that the large N limit of the Hilbert space of the symmetric orbifold CFT reproduces the Hilbert space of the second-quantized superstring field theory in the light-cone gauge. The Hilbert space of large N matrix string theory contains states with an arbitrary number of strings with arbitrary values of P + (while the total P + is fixed). The states must be invariant under the orbifold group. This has several consequences: the unbroken cyclical group Z k commuting with a cycle of length k becomes U(1) generated by L 0 − L 0 when k is large, and therefore the individual physical strings are guaranteed 2 to satisfy L 0 = L 0 . If several (M k ) strings (blocks) carry the same value of k, the unbroken group Z M k exchanging these strings imposes the (anti)symmetry of the wave function: strings in the same state are identical, with the correct statistics determined by their spin.
In this section we would like to explicitly show that the Z 2 twist field describing the leading perturbation in matrix string theory coincides with the cubic interaction term in string field theory. The reader who is primarily interested in the higher order twist fields should skip this section.
Although the easiest theory to derive from the matrix description is type IIA string theory, we will be focusing on type IIB string theory. The twist field for type IIB string theory is completely analogous to that of type IIA string theory; the only difference is that the chirality of the left-moving fermions in all relevant formulae is inverted. All θ a as well as θ a will have undotted indices. This choice allows us to compare the twist field expressions with the formalism for string field theory by Green, Schwarz, and Brink [26] that pairs up eight real leftmoving fermions with eight right-moving fermions into eight complex fermions and their conjugate momenta. It has the virtue of keeping the spin(8) symmetry manifest. The equivalence of the two descriptions of type IIA superstring theory then follows from T-duality whose action is simple on both sides.
Identification of the unit function of fermions in the DVV language
Let us start with some useful and elementary OPEs of the fermions θ and their twist fields Σ:
We chose an equal phase η * = exp(−iπ/4) in both numerators but this phase must be nontrivial in order to satisfy (2.3): one can derive this phase by the requirement that θ a θ b (z) acts as the same SO(8) generator on θ c (0) as well as all the Σ's. We define the antiholomorphic quantities in such a way that they satisfy the following OPEs (which differ by z ↔z and θ ↔ θ etc. from (2.1), without changing the order of factors):
We inserted the factors of 1/ √ 2 so that the OPEs are consistent with
In these calculations, θ a is an anticommuting object. The spin field Σ i is treated as an anticommuting object, too, because it corresponds to ψ i in the RNS formalism. However Σ˙a then must be a commuting object because of (2.1).
The periodic sector of eight pairs of fermions θ a , θ a contains (8 v + 8 c ) ⊗ (8 v + 8 c ) states (of the supergravity multiplet) whose vertex operators are
However in the SO (8) invariant formalism for the light-cone gauge type IIB superstring field theory of Green, Schwarz, and Brink [26] we must pair the left-moving fermions and the right-moving fermions into superspace coordinates ϑ a and superspace momenta λ a :
There are eight complex fermionic coordinates ϑ a at each point. The fields S L , S R are taken to be proportional to θ, θ; also, a new symbol Λ will be used for ϑ (up to an overall multiplicative factor). Because the three-string vertex contains a prefactor inserted at the interaction point, we must study the correspondence between the polynomials of ϑ(σ interaction ) and the operators (2.4). Which operator corresponds to the unit function of ϑ a (σ), for example? Because the GSB formalism is SO(8) invariant, the unit function must also be SO(8) invariant. It is not hard to guess that it will contain an equal mixture of Σ i Σ i and Σ˙a Σ˙a:
While the overall normalization is somewhat arbitrary (although correlated with other conventions), the relative phase (−i) is important to guarantee the counterpart of the identity ∂( √ 2η)/∂ϑ = 0 in terms of the OPEs 3 :
This vanishes for z =z positive; the positive real z-axis is used to regulate the quantities that diverge at the interaction point.
The remaining polynomials of the fermionic variables
The remaining polynomials in ϑ a = θ a (z) + i θ a (z) can be computed easily. Because (2.1) and (2.2) imply that θ(z), θ(z) behave in a singular way near the spin field, we define new variables
These are clearly related to ϑ a , assuming z real and positive. By a function of Λ a , we will mean the limit for z → 0 of the OPE of the operator (2.8) with the "unit" vertex operator (2.6). One can also check that the derivatives with respect to Λ a can be represented by
so that the required anticommutators { ∂ ∂Λ a , Λ b } = δ ab are satisfied when acting on the spin fields.
It is natural to start with the linear functions of θ a . In this case, the contributions from (2.7) simply double:
Let us act on the previous result with Λ b :
Note that in this ab antisymmetric object only terms antisymmetric in ij andȧḃ appear; they form the adjoint 28-dimensional representation of SO(8) in all three cases. It is straightforward to continue and add Λ c :
The γ-matrices and the symbols u kċ abc and t kl abcd are defined in [26] . The quartic polynomial is the last one that we will compute.
The other polynomials are related to those above by the Grassmann Fourier transform i.e. by adding/removing Λ's using the epsilon symbol. If we define the operator CH by 14) it is straightforward to see that CH 2 = 1 and
where ǫ 12345678 = +1. Note that our formulae follow the equations in the appendix D of [26] for α = 2. More precisely, our Λ is related to theirs by
How does CH act on operators such as (2.4)? It is an SO(8) invariant operator with eigenvalues ±1 for Σ i and Σ˙a, respectively: the equation (2.14) implies that CH acts on the tilded spin fields only and this operator differs from the chirality operator by a triality transformation.
Finally we consider the polynomials from [26] :
While w ij is the symmetric part of v ij = w ij + y ij , the quantity y ij is the antisymmetric part:
The effect of the term in (2.17) proportional to the ǫ-symbol is to get rid of the Σ˙a Σ˙b part of (2.6) while it doubles the first part Σ j Σ i . Similarly, the last term in (2.18) cancels the last term in (2.11) but doubles the first term. The symbol t We obtain
Therefore the sum admits an easy representation:
It is equally straightforward to translate the fermionic functions into the spin field representation:
Let us consider the combination
This operator is important for the interaction part of the dynamical supersymmetry operator. In a complete analogy one can also construct the other combination:
Type IIB string theory allowed us to use a Spin(8) invariant formalism for string field theory; this is also possible for its orientifold, type I string theory. Type IIA and heterotic string field theories require us to use a formalism that breaks Spin(8).
The twist field formalism, on the other hand, keeps Spin(8) manifest. The proof of equivalence in the other cases could be nevertheless performed in a direct analogy with the type IIB proof above.
The large N scaling limit
We now turn to the role of the large N scaling limit in conformal perturbation theory around the S N R 8 orbifold model. Note that in contrast with the 't Hooft limit, where one keeps g 2 N fixed and is driven to weak coupling g → 0 as N → ∞, in the large N limit the dimensionless Yang-Mills coupling constant gL = 1/g string remains fixed. Therefore the usual perturbative large N techniques do not apply.
Furthermore, one should take into account that only Yang-Mills energies of the order 1/N can give rise to finite spacetime energy in the light-cone frame. The truncation to these extremely low-lying states can be implemented by a rescaling of the worldsheet time coordinate τ by a factor of N:
The appearance of energies of order 1/N in the supersymmetric gauge theory has an intuitive explanation in the strong coupling IR phase where the 'long string' configurations dominate. In this regime the matrix-valued coordinates X i commute almost everywhere, where they can be simultaneously diagonalized giving N eigenvalue vectors x i 1 , . . . , x i N . The long strings are made up of twisted configurations of these eigenvalue strings or string bits: the twisted sector corresponding to a permutation p ∈ S N ⊂ U(N) describes a configuration of strings of lengths n i where
where (n i ) are the independent cycles of the permutation that generate Z n i subgroups of S N . These residual groups Z n i are part of the gauge group that must keep physical states invariant. This fact imposes the constraints for the individual strings
For N → ∞ and n i /N fixed, n i → ∞ guarantees that the finite energy configurations must satisfy L 0 (i) − L 0 (i) = 0. If two strings with n i = n j are excited in the same state |ψ , an extra permutation exchanging these two cycles guarantees that the wave function is (anti)symmetric, according to the statistics of |ψ . The worldsheet of the long strings is an N-fold cover of the cylinder on which the Yang-Mills theory is defined. These covering Riemann surfaces have circumference NL and they can support fractional momenta ∼ 1/N. The appearance of these long strings is therefore a crucial ingredient in our understanding why the large N limit of Matrix theory leads to a non-trivial scaling limit of the SYM theory. Note that, since we also scaled the worldsheet time τ by a factor of N, one can think of the perturbative string worldsheets as scaled by an overall factor of N compared to the SYM cylinder. So scaling in N can be thought of in terms of RG flow-a point of view that we will further explore.
The renormalization group involving N
The leading perturbation is an irrelevant twist field and a natural question is why such an irrelevant operator affects physics at very long worldsheet distances. The subtlety that makes this twist field important is an extra scaling with N.
The light-cone Hamiltonian for the orbifold CFT, that approximates the U(N) supersymmetric gauge theory on R × S 1 , can be written as
Here θ is a 16-component spinor of SO (9), inherited from the BFSS model, that decomposes into the eigenvectors of the chirality matrix Γ 9 , i.e. 8 s ⊕ 8 c under the SO (8) subgroup. The type IIB D1-brane in the static gauge correctly reproduces the physics of the type IIA fundamental string in the light cone gauge. If the light-like radius R − becomes infinite and p + is kept fixed i.e. N → ∞, the DLCQ treatment becomes ordinary light-cone gauge quantization and the length of string bits L becomes infinitesimal compared to the total length of the strings NL. We see that the free term in (3.4) may be rewritten as an integral over the string(s) of length NL:
What about the interactions? The leading term is the least irrelevant operator preserving the N = (8, 8) world sheet (or Yang-Mills) supersymmetry:
In this form, the interaction term, resulting from a strongly coupled dynamics where U(2) m,n (otherwise broken to U(1) × U(1)) gets restored, there is no N-dependence but the term must be summed over m, n. The Yang-Mills coupling constant g (of dimension mass) determines the only local scale of Yang-Mills theory and the appropriate power is inserted on dimensional grounds because the twist field has total dimension 3. As N becomes large, the interaction can effectively occur between any two points on the string(s) and the continuum limit of (3.6) can therefore be written as a bilocal term
Recall that the coefficient of this term is 1/gL = g string . The expression (3.7) is locally N-independent. More generally, if the twist field appearing in (3.6) has the usual RG dimension d = h +h, the coefficient will be 1/g d−2 on dimensional grounds. If it connects w indices, i.e. if the sum contains O(N w ) terms (the leading perturbation in (3.6) has w = 2), then the continuum limit, giving a w-local (bilocal, trilocal, tetralocal etc.) interaction, requires us add a factor 1/L w−1 . The total coefficient replacing 1/gL in (3.7) will be 1
The power of g string is thus determined by w − 1 only: the free Hamiltonian has w = 1 and therefore no g string dependence. The leading perturbation has w = 2 and is therefore proportional to g string . The Z k twist field, permuting k eigenvalue strings, leads to a perturbation of order g k−1
string . Such a term in the action is generated by the strongly coupled gauge theory dynamics in which a group U(k) gets restored.
The denominator in (3.8) is g d−1−w . It is dimensionless if d − 1 − w = 0. In this case, we will say that the twist field is N-marginal and its effects survive the continuum limit. If d − 1 − w > 0, the coefficient g −d+1+w has dimension of a positive power of length, and therefore this term is N-irrelevant in the IR i.e. for long strings where we can essentially send g → ∞. N-relevant operators would have to have d − 1 − w < 0. Such operators are incompatible with supersymmetry, except for the (untwisted) mass terms that appear in the light-cone gauge description of strings in the pp-waves. In other words, (d+1−w) = (d−1−w)+2 is the N-corrected dimension that takes the scaling of N together with worldsheet distances into account. Only the N-marginal operators with d − 1 − w = 0 survive the large N i.e. g → ∞ limit of matrix string theory. In the section 4 we will see that the leading supersymmetric Spin(8) invariant twist field from the Z w twisted sector is N-marginal.
Another argument in favor of the condition d − 1 − w = 0 in flat space is the invariance under the boosts generated by J +− that rescale P + by κ and P − by 1/κ: the Hamiltonian P − must scale like 1/P + . The variables σ scale just like P + because the length of the strings represents the light-like momentum. Therefore w integrals over σ in (3.7) scale like (P + )
w . An operator of dimension d scales like (P + ) −d . The product (P + ) −d+w must scale like (P + ) −1 , and therefore d − 1 − w = 0.
Moduli and powers of N
There is actually a direct link between the N scaling of the interaction vertex and the moduli of the light-cone diagrams. Consider adding a handle to a particular diagram by two insertions of the twist field:
Each operator O (IJ) has dimension 3 and scales therefore as N −3 . These three factors of N are compensated by two integrals over σ and one integral over τ .
A product of two such operators (3.9) scales like N −6 . This factor must be cancelled by 6 explicit factors of N. The integral over 6 worldsheet variables has an interpretation in terms of moduli. Adding a handle to a Riemann surface generically adds 6 new real moduli. In the light-cone gauge language, they can be interpreted as follows:
• two time coordinates τ, τ ′ of the interaction vertices
• one common position of the vertices in σ; it carries the information how P + is separated between two virtual strings
• three twist parameters ∆σ 1,2,3 that implement the condition L 0 − L 0 = 0 on two new virtual "smaller" strings and one new "bigger" string
We claim that in DLCQ, each of these 6 real moduli comes with a factor of N, and the total factor of N 6 compensates N −6 from the dimensions of the twist fields. The factors of N coming with the τ, τ ′ , σ integrals have been explained previously. The projection to the states satisfying L 0 − L 0 = 0 is approximated by a Z n i projection and n i scales like N as well. In fact, in this way we could identify the scaling dimension 3 of the vertex, with the number 3 appearing in the complex dimension 3h − 3 of the moduli space of Riemann surfaces of genus h.
This analysis can also be extended to include punctures. If the total number of external states is n, the number of vertices (pairs of pants) is given by minus the Euler character (2h − 2 + n) leading to a total scaling dimension of N −(6h−6+3n) . The number of real moduli is 6h − 6 + 2n. There is however an extra factor of N for each external state, that implements the Z n i level-matching projection. The normalization with N is natural both in the orbifold model (viewed as an S N gauge theory) and on the light-cone theory phase space (where the factors of N are needed to give δ(p + ) normalizations of the external states). So, altogether we obtain a combinatorial power N 6h−6+3n that compensates precisely the scaling of the vertices.
Summarizing: the N scaling weight of correlators in the orbifold SCFT agrees with the weight of the corresponding string amplitude viewed as an integral over the moduli space of light-cone diagrams.
Let us note that the Z 2 twist field only has scaling dimension 3 in the case of an 8-dimensional transverse space. This is how the critical dimension appears in the strong coupling gauge theory. It should be compared to the covariant formulation where the coordinate and ghost determinants only combine into a proper density over the (super)moduli space for the critical space-time dimension. Note that in the subcritical case of D < 8 transverse dimensions the string coupling constant is N-relevant (the dimension is something like 1 + D/4) and will diverge in the large N limit. This might be of relevance for the six-dimensional non-Abelian (2, 0) strings, that allow a matrix formulation in terms of sigma models on the N-instanton moduli space [7] .
For a transverse M 4 (which is either T 4 or K3) this instanton moduli space is a hyperKähler deformation of a symmetric product, and part of the above analysis might apply.
Conformal field theory on a deformed symmetric product of many copies of M 4 is the dual description of type IIB string theory on AdS 3 × S 3 × M 4 . The conformal symmetry implies that the deformation must be marginal in the ordinary sense, not N-marginal. In the pp-wave limit of the symmetric orbifold S N M 4 , one must combine the pp-wave string bit techniques [27] with matrix string theory to understand the full stringy Hamiltonian [28] . The reason that the marginal perturbation (the resolution of the fixed points of the symmetric orbifold) turns out also to be N-marginal is that a BMN-like mechanism renormalizes the kinetic terms in such a way that the worldsheet distances seem to be contracted by g string Q 5 .
Twist fields and contact terms
Let us consider in more detail the large N behavior of operators in the R 8N /S N orbifold. Since the operators naturally factorize in a product of Z n i factors, it suffices to start with a single Z w twist field. Such an operator cyclically permutes the coordinates x We are however only interested in those states that are invariant under the supersymmetry and Spin (8) . Although the NS ground states for w odd are Spin(8) invariant, they are not supersymmetric. The least irrelevant invariant twist field O (w) can be constructed analogously to the Z 2 operator in [13] . Because of supersymmetry at the leading order in g string , it must be written as a supersymmetric descendent of a NS state with the correct indicesȧ, b
(4.7)
For w = 2 we obtain the leading perturbation (DVV twist field). More generally for w even, O˙a 
Because this is again a descendant, it is supersymmetric up to a total derivative. For general odd w we can therefore define the least irrelevant operator appearing in (4.7) as O˙a
where |0 denotes the unique Z w NS ground state. One might also consider another operator of the same dimension as (4.9), namely θ b −1/2wθȧ −1/2w |0 , but it would transform incorrectly under supersymmetry; the operator γ i aȧ γ i,bḃ that projects the spinors onto their self-dual part seems to play a crucial role. The invariant operator O (w) that is reproduced in this way has again total scaling dimension w + 1, and therefore is N-marginal as described in the subsection 3.1. The operators then lead to the g w−1 string dependence on the string coupling constant. The S N invariance implies that the term must be summed over the whole conjugacy class:
(4.10)
All other supersymmetric and Spin(8) invariant operators in the twisted sector are N-irrelevant, and therefore will become unimportant in the large N limit. Intuitively it is not too surprising because such operators are obtained by acting with ∂x i on the operator O that leads to an extra factor of 1/N because of the long strings.
Note that the unique operator (4.7) replaces a whole family of different operators that one would have to insert in string field theory. For example the Z 3 vertex induces the interactions from figure 2 and the higher-order diagrams would lead to an even larger set of interactions.
We mention that the operators of dynamical spacetime supercharges
contain terms similar to (4.7), but without one of the worldsheet supersymmetric excitation:
It would be interesting to compute the actual numerical coefficients of all the operators
We believe that the expansion is non-polynomial, much like other closed string theory actions as well as their low energy limit, i.e. the Einstein-Hilbert action. The coefficients of the contact terms must be usually taken to be infinite, 1/ǫ α , and the circumference of the Yang-Mills cylinder L will play the role of the natural worldsheet cutoff ǫ in our case.
An example: Z 2 and Z 3 twist fields and pp-waves
The Z 2 twist field O (IJ) has the interpretation of the three-string joining/splitting vertex (see the figure 1 ). The higher order twist fields describe spacetime contact terms that are known to appear in light-cone gauge perturbation theory [29, 30, 31, 32] .
For example, locally the same Z 3 vertex (that is an effective description of physical phenomena resulting from a U(3) symmetry restoration) generates a quartic as well as a quadratic contact interaction (see figure 2 ) in the string fields that scales like g 2 string . The quadratic interaction is necessary [29, 30, 32] perturbation theory which is known to be negative for the ground state:
This is just a special case of a more general requirement that the super Poincaré algebra is closed at higher orders in g string ; this requirement forces us to add higher order terms into the Hamiltonian and the dynamical supersymmetry generators.
A simple argument showing that these g 2 string terms are inevitable is the following: the ground state energy (i.e. the mass of the graviton multiplet) always acquires a negative shift in the second order perturbation theory, and an explicit positive shift proportional to g 2 string (see figure 2(a) ) is needed to compensate this second-order correction and keep the graviton massless.
We can also see that the non-nearest neighbor diagrams of [34] (see also [33] ) depicted on figure 3 that contribute to the self-energy of the states in the pp-wave background have exactly the structure of the quadratic Z 3 contact interaction. (A string is divided to three pieces that get rearranged.) Note that the pp-wave deformation of string theory is relevant, and therefore does not affect the UV physics on the worldsheet. However, the exact analysis of the self-energy is more complicated because of the operator mixing effects [35, 36, 37, 38] . A general proposal to identify all the Feynman diagrams that are responsible for the contact terms appeared in section 5 of [39] .
Composite operators
Figure 3: The non-nearest neighbor diagram from [34] contributing to a self-energy of a string has the form of the contact interaction from figure 2(a).
Up to now we only analyzed the operators in a single Z n twisted sector. The full orbifold also contains twisted superselection sectors that are products of such cyclic permutations.
In that case one simply takes the products of the operators of the individual factors. However, these composite operators are always N-irrelevant. In summary: it is only the irreducible Z n vertices that survive the large N scaling.
Contact terms on the worldsheet
The Z 2 twist field O (IJ) has an interpretation as the three-string joining/splitting vertex. The higher order twist fields describe spacetime contact terms, that are known to appear in light-cone perturbation theory. They are necessary for the supersymmetry algebra to be closed at higher orders in g string . In fact, these terms also appear as worldsheet contact terms in the conformal perturbation theory. For example, in the OPE of two Z 2 twist fields the Z 3 twist field can appear through One easily verifies that in all OPEs between these least irrelevant invariant operators the singularities are of the above type. (Roughly because they are descendents of chiral primary fields.) Since all such operators are N-marginal, this contact term algebra is preserved in the large N limit. Note that in this way the Z n twist fields for n > 2 are made out of contact terms between the fundamental Z 2 vertices, these higher order interactions also respect the 10-dimensional Lorentz symmetry!
Conclusions and outlook
We believe that the twist field formulation of perturbative string theory in the lightcone gauge is more natural and more fundamental than the usual language of secondquantized string field theory. A single and simple twist field at each order in g string gives rise to many polynomial interactions of the string fields. Yet, it is still straightforward to translate the expressions involving twist fields into those involving string fields. Instead of complicated Neumann coefficients, one can study simple OPEs in a conformal field theory. A modified version of the renormalization group includes the N-scaling as well and helps us to understand the large N limit that is responsible for the light-like decompactification limit of Matrix theory.
It could be interesting to:
• determine the precise coefficients of the Z n twist fields from the requirement that the super Poincaré algebra is closed; are all the coefficients non-zero? A recent investigation of the pp-waves [44] seems to indicate that all terms beyond g 2 string vanish;
• compute the matrix elements of the contact terms between general string states;
• study the divergence of the string coupling expansion of the light-cone Hamiltonian itself; does it diverge in the same sense as the action of closed covariant string field theories?
• calculate some explicit loop diagrams and understand how the singular coefficients of the contact terms arise from our finite Z n twist fields;
• try to derive the explicit Z n twist field perturbations from the U(n) Yang-Mills theory more directly, perhaps by some sort of instanton calculation;
• check that the dimensions of N-marginal operators are integers also in the case of heterotic string theories;
• extend the twist field formalism to open strings; the splitting/joining interaction vertex for the open strings should mimic the structure of the left-moving part of the closed string vertex.
